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Abstract

A binomial model is developed to value options when the underlying process follows
the constant elasticity of variance (CEV) model. This model is proposed by Cox and Ross
(1976) as an alternative to the Black and Scholes (1973) model. In the CEV model, the
stock price change (dS ) has volatility ¢S”'? instead of oS in the Black-Scholes model.
The rationale behind the CEV model is that the model can explain the empirical bias
exhibited by the Black-Scholes model, such as the volatility smile. The option pricing
formula when the underlying process follows the CEV model is derived by Cox and Ross
(1976), and the formula is further simplified by Schroder (1989). However, the closed-form
formula is useful in some limited cases. In this paper, a binomial process for the CEV
model is constructed to yield a simple and efficient computation procedure for practical
valuation of standard options. The binomial option pricing model can be employed under
general conditions. Also, on average, the numerical results show the binomial option
pricing model approximates better than other analytic approximations.
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1. Introduction

Black and Scholes (1973) derive the well-known option pricing formula by
assuming the underlying stock price follows a geometric Brownian motion. Under
this construction, the price distribution is lognormal, and ignoring the time effect,
the volatility is constant. However, in general, empirical evidence neither supports
the lognormal distribution nor the constant volatility. In applications, the existence
of a volatility smile may be the empirical bias exhibited by the underlying process in
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the Black-Scholes model. To deal with this problem, many authors have suggested
alternative underlying processes, such as Merton’s (1976) jump-diffusion model,
Cox and Ross’s (1976) CEV model, and many stochastic volatility models.

The focus of this paper is the CEV model, which is a simple way to generalize
the geometric Brownian motion in the Black-Scholes model. Following Black and
Scholes (1973), Cox and Ross (1976) derive the European option pricing formula
under the CEV model. Schroder (1989) shows this formula can be expressed in
terms of the non-central chi-square distribution function, analogous to the standard
normal distribution function in the Black-Scholes model. Since computations
involving the non-central chi-square distribution function are more complicated,
Schroder (1989) also provides an analytic approximation CEV option pricing
formula in term of the standard normal distribution function.

The main feature of the CEV model is that it allows the volatility to change
with the underlying price. As documented in Beckers (1980) and Schroder (1989),
there are theoretical arguments for and empirical evidence that volatility changes
with stock prices. Also, several studies support the CEV pricing model instead of the
Black-Scholes pricing model (MacBeth and Merville, 1980; Emanuel and Macbeth,
1982). However, the CEV closed-form pricing formula involving the evaluation of
the non-central chi-square distribution function and the analytic approximation
method using the standard normal distribution function are only for European
options, which can only be exercised at maturity, and not for American options,
which can be exercised earlier.

The aim of this paper is to develop a simple binomial option pricing model
when the underlying price process follows the CEV model. As shown in Cox et al.
(1979), the early exercise valuation problem can be solved in the binomial
framework. The binomial model was originally developed to approximate the
normal distribution under a multiperiod setting in Cox et al. (1979). By choosing a
proper transformation function, the binomial model can also be used to approximate
the non-central chi-square distribution. This paper provides numerical results and
compares the computational accuracy with an analytic approximation method.

The rest of this paper is organized as follows. Section 2 presents the CEV
model and some versions of the CEV option pricing formula. In Section 3, a
discrete-time binomial process of the CEV model is developed. Section 4 presents
numerical results from the binomial option pricing model and the analytic
approximation method. Finally, Section 5 concludes.

2. The CEV Model and the CEV Option Pricing Formula

The CEV model extends the Black-Scholes model to allow for stochastic
volatility with a closed-form solution for option pricing. In the CEV model, the
stock price is assumed to be governed by the diffusion process:

dS = uSdt + oS *dw,
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where 4, o, and g are parameters for growth rate, volatility, and elasticity,
respectively, and w is a Wiener process. If =2, the CEV model is just the
geometric Brownian motion model. If £ <2, the volatility increases as the stock
price decreases. This kind of probability distribution is similar to that observed for
equities with a heavy left tail and a less heavy right tail. Thus, our analysis considers
the situation when £<2.

Considering a stock option with strike price K and time to maturity T —t in
a constant interest rate r economy, the CEV call option pricing formula when
B <2 inits Cox’s original form is as follows:
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Schroder (1989) shows that this option pricing formula can be expressed in
terms of the non-central chi-square distribution function:

C,=S0Q(2K";2+ 5 2
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where Q(z;v,k) is a complementary non-central chi-square distribution function
with z, v, and k the evaluation point of the integral, degrees of freedom, and
non-centrality parameter. For evaluating the distribution function, Schroder (1989)
presents a simple and efficient algorithm for computation. Although the CEV option
formula can be represented in terms of non-central chi-square distributions that are
easier to interpret, the evaluation of an infinite sum of these distributions can be
computationally slow. The algorithm suggested for computing Q(2z;2v,2k) may
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converge slowly when z and k are large. Furthermore, to make this pricing
formula useful, the parameter £ must be equal to some specific value such that the
degrees of freedom is an integer in the non-central chi-square distribution. A number
of approximations to the non-central chi-square distribution have been developed.
One particularly good approximation is derived by Sankaran (1963):
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m = (h—1)(1—3h),

and @ is the standard normal distribution function.

3. A Binomial CEV Model

In this section, a general method for constructing binomial models proposed by
Nelson and Ramaswamy (1990) is adopted. To approximate the CEV diffusion
process with a binomial model, the interval [t,T] is divided into n equal pieces,
each of width At. Over each time increment, the stock price can either increase to a
particular level or decrease to another level. For the CEV model, the volatility is not
constant but varies with the level of the underlying price. When the volatility varies
with the level of the price, the probability of an upward move has to be recomputed
at each node.

At the beginning, we need to transform the diffusion process to one in which
the volatility is constant and then approximate the transformed process by a simple
lattice. Finally, we have to modify the probabilities on the lattice when their
computed values are negative or exceed one.

Assume the stock price follows the CEV diffusion process given by:

dS = Sdt + oS*“dw ,

where a =1- /2. Considering the process x=S“/ac and using Ito’s lemma
we have:
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Substituting into the above equation and using the fact that S = (xac)**, Equation
(1) becomes:
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Through transformation, this results in a new process with a constant volatility equal
to 1.

Next, a binomial approximation is made to the transformed process. In each
increment the approximation to Equation (2) is given by:

x*:x+\/A_t
X
X =x—+/At.

Given the values on the x lattice, we can recover the dynamics of the stock price
on its lattice:

S = f(x")
S=1f(x)
S =f(x).

We can now construct a lattice for the x values:
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X" =x"+ \/A_t
X" =X+ \/A_t
X X7 =X
X~ =X — At
X~ =x —+/At.
Equivalently, we could construct the lattice for the S values:
S* = f(x)
ST =1(x")
S=f(x) ST =1(x)
S =1(x7)
ST=1f(x7).

The risk-neutral probability of an upward move depends on the level of S and the
values of S* and S~ . The risk-neutral probability of an upward move is
calculated by:

at Q-
p S-S
ST-§°

4. Numerical Results

Based on the examples in Cox et al. (1979), numerical results for checking the
model performances are presented in Tables 1 and 2. We choose « equal to 0.1
and 0.5 because the two numbers can fit into Schroder’s (1989) formula, which
requires integer degrees of freedom in the complementary non-central chi-square
distribution function. The stock price is 40 and the interest rate is 5%. The values of
o in the CEV model are chosen such that the annual standard deviations of stock
returns equal 0.2, 0.3, and 0.4. These parameter values are the same as in Cox et al.
(1979). Furthermore, an approximate analytic solution using the normal distribution
function is given for comparison.

As with other binomial applications, the values of the options converge quickly
to the closed-form solutions as the number of steps n increases. When n=20, on
average, the value from the binomial option pricing model is closer to the
closed-form solutions than the approximate analytic solution using the normal
distribution function. For n=50, the numerical results show that the difference
between the binomial model the closed-form formula is less than or equal to 0.02.
However, the results from the approximate analytic solution show larger deviation,
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especially for longer maturity. For instance, when the time to maturity is 7 months
and the annual standard deviation is 20%, the value of the at-the-money option is
2.86 by the approximate analytic solution, while the closed-form solution is 3.02.

Table 1. Values of European Call Options on Stock for the CEV Process (¢ =0.5)

S=40 and r=5% Annually

o =20% Annually o =30% Annually o =40% Annually

T-t 112 412 7/12 112 412 7/12 112 412 7/12
Panel A: Binomial Approximation

n k

35 515 582 651 522 637 7.23 544 695 8.08

5 40 105 226 313 153 322 437 202 417 562

45 0.01 050 1.10 010 122 205 042 191 315

35 515 580 6.46 523 634 7.29 543 7.01 821

20 40 1.00 215 299 145 3.05 4.16 190 394 533

45 0.02 048 1.05 014 121 214 039 201 329

35 515 579 6.46 523 633 7.26 542 699 8.26

50 40 1.00 217 301 146 3.07 418 191 397 536

45 0.02 047 1.05 014 120 214 039 201 332

35 515 580 6.46 524 632 7.28 542 700 825

1000 40 1.00 218 3.02 146 3.07 420 192 399 539

45 0.02 047 1.05 015 119 214 039 201 330

Panel B: CEV (Normal)

k

35 515 578 6.39 524 632 7.27 542 7.02 829
40 1.00 213 292 146 3.07 419 192 401 543
45 0.02 044 0.97 014 118 213 039 202 334

Panel C: CEV (Closed-Form)

k

35 515 579 6.44 523 631 7.26 542 699 823
40 1.00 217 3.00 146 3.07 419 192 398 537
45 0.02 047 1.04 014 118 213 0.38 2.00 3.29

Notes: S denotes spot price; r represents interest rate; k, t,and n indicates strike price, time to
maturity, and the number of steps in the binomial model, respectively. The value of o is set such that
the annual standard deviations o are 0.2, 0.3, and 0.4 at the spot price 40. The option values in Panel B
are calculated with the approximate analytic formula using the normal distribution function. The option
values in Panel C are the closed-form solutions for the CEV process.

In additional to the numerical example in Cox et al. (1979), we consider
numerical results when the stock price equals either 30 or 40 and the interest rate
equals 2% or 8% to check the robustness of the results. Comparing the three models,
the accuracy of results is similar to Tables 1 and 2. As a consequence, the additional
results are not reported here (but are available from the authors upon request).
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Table 2. Values of European Call Options on Stock for the CEV Process (@ =0.1)

S=40 and r=5% Annually

o =20% Annually o =30% Annually o =40% Annually

T-1 112 412 712 112 412 712 112 412 712
Panel A: Binomial Approximation

n k

35 515 579 6.48 521 632 718 541 689 7.96

5 40 105 226 313 153 322 437 202 417 562

45 002 054 115 011 127 211 045 198 327

35 515 578 6.42 523 629 722 540 6.94 810

20 40 1.00 215 299 145 305 415 190 394 532

45 002 050 111 015 127 222 042 2.08 3.40

35 515 577 642 523 628 7.20 539 691 815

50 40 1.00 217 301 146 307 418 191 397 536

45 002 050 1.10 016 125 222 042 209 343

35 515 578 6.43 522 627 720 540 692 814

1000 40 1.00 218 3.02 146 308 4.20 192 399 538

45 002 050 1.10 016 125 222 041 209 241

Panel B: CEV (Normal)

k

35 515 574 632 522 624 713 540 690 8.09
40 1.00 211 286 146 304 411 192 396 532
45 0.02 046 098 016 121 214 041 206 335

Panel C: CEV (Closed-Form)

k

35 515 578 643 522 627 720 540 690 813
40 1.00 217 3.02 146 3.08 419 192 398 538
45 0.02 050 1.10 016 124 222 041 2.08 3.40

Notes: S denotes spot price; r represents interest rate; k, t,and n indicates strike price, time to
maturity, and the number of steps in the binomial model, respectively. The value of o is set such that
the annual standard deviations o are 0.2, 0.3, and 0.4 at the spot price 40. The option values in Panel B
are calculated with the approximate analytic formula using the normal distribution function. The option
values in Panel C are the closed-form solutions for the CEV process.

5. Conclusion

In this paper, we follow a general method for constructing binomial models to
develop a binomial lattice for pricing options when the underlying process follows
the CEV model. The CEV model was proposed by Cox and Ross (1976) as a more
general alternative to the Black and Scholes (1973) model. In the CEV model, the
stock price can exhibit volatility changes with the price level. The motivation behind
the CEV model is that it can explain the empirical bias exhibited by the
Black-Scholes model, such as a volatility smile. Though the CEV closed-form
pricing formula and the analytic approximation method for CEV option pricing have
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been developed, they are only for European-style options and not for American-style
options.

In this paper, a binomial process for the CEV model is constructed to yield a
simple and efficient computational procedure for practical valuation of standard
options. This binomial option pricing model can be used for options with early
exercise features. On average, the numerical results show the binomial option
pricing model approximates well compared with the analytic approximation method.
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