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Abstract

The purpose of this experiment is to design a filter that can reduce the
interference of a certain frequency, that is, the notch filter, but usually the interference
will form harmonics, so the interference will also have energy at odd multiples of the
fundamental frequency, and It will continue to decrease. At this time, it is necessary to
design a filter that can simultaneously reduce a certain frequency and its odd
multiples, that is, a comb filter.

The simply designed filter will not only reduce the energy of the target
frequency, but also affect the energy of nearby frequencies. It may also filter out
important signals. Therefore, the concept of Shank's recursive will be used to improve
the filter. When the scope of influence is reduced, it will become an IIR notch/comb
filter.

Finally, compare the filtering effects of the notch filter and the comb filter before

and after the improvement.

In this experiment, four filters are designed according to the concepts on pages
147 to 150 and 163 of the textbook. First, calculate the angle corresponding to the
frequency to be filtered, and then assume the transfer function H(z) and derive the
formula as only For the part containing real numbers, normalize H(z), and finally
perform Z-transformation of the function to obtain the filter parameters.

This experiment is written in Python. Substitute the calculated parameters into
signal.freqz() to get the magnitude response and phase response of the filter, and
substitute the calculated parameters and unfiltered signal into signal.lfilter() to get The

filtered signal.
After observing the results, it can be found that the effect of filtering only the

target frequency will be worse than the effect of filtering odd multiples at the same
time, and the filtering adjusted to the IIR filter will be better.

Keyword : comb filter, infinite impulse response(IIR) filter, notch filter, signal

processing, Z-transformation
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—. IREFEEREE 147~150 HELEE 163 HAVEL SRS THIUEDE; &8 -

(1) #J8 #E% Ky 60-Hz (9 notch filter
() #JE AEE F 60-Hz #Y Shank’s recursive (IIR) notch filter
(3) #JE E#E Ky 60-Hz 1Y comb filter
(4) )& EHE K 60-Hz A9 Shank’s recursive (IIR) comb filter

. M AT S THI P0G 25 52 60-Hz BEJF4R B0 EEE

I > G BB AR HIEER -

2. ERETIEG SR -
—. B [EEE - AR, 0)B-1, 0)iIH 753 st 0 g2 L
T EPEUBIR SRR T G {8 £ B ] BB B -

e

=. 1 zeros JIAF ZEIRHIPRZRVALE L » %5 252aT comb filter Al 752K

poles W AEEL zeors #H[E A& HAE R BN E L -

VU, % H(z) » SRR SR L S BB 53 (6 o B e s -

I SEBIBHECR Bs han, hzo, s, .. -
SR U B AL TR 01, 02,65, . -

Ell
H() = (1 - & z71)(1 - e91- z71)(1 - 92 z71)(1 - e792. z71) ..
z) = (1 -r-e0: 2701 - r-e0- z71)(1 - r 92 2-1)(1 - r-e102. z-1) ..
_ Y(2)
" X@

1. ¥ H@EIERIE > B H(z) / H(1) - TR X(2)82 Y (2) 73 BIRAE 59

5 o
TN, RFE A Z WA
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( — ) #@JE #AE F 60-Hz #Y notch filter
Fs =500

250
H@z) =(1 - &9 z71)(1 - &9 271)

=1 - (e19+ e—]'9). 2714 72
=1-2 - cosf - z71+ z72
«0=432fA:
H(z)=1 - 2 -cos(43.2): z 1+ z72

ez 1:
H(1)=1- 2 - cos(43.2)- 1 + 1
= 2(1 — cos(43.2))
o IERUL :
1 -2 - cos(43.2): z7'+ z72 Y2
H(1) ~ X(2)
=>H(1): Y= - 2 - cos(43.2) - z71+ z7%)- X(2)
=>H(1) Y(z) =X(z) -2 -cos(43.2) - z71- X(@)+ z72:X(2)
WAt
H(1)- y[n] = x[n]— 2 -cos(43.2) - x[n—1]+ x[n—2]
* magnitude response DL}z phase response :

H(z) =

Digital filter frequency response
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( =) #J8 #E% kK 60-Hz HY Shank’s recursive (IIR) notch filter

Fs =500

.....

(1- €% z71)(1- e z71)
(1-r-e? z7)(1 - r-e’if- z71)
1- (94 e79): z714 7272

T1-r-(e9+ e z 1+ r2.-72
1-2-cosf -z71 +z72
“1-2-r-cosf-z 1 +r2-7°2
«0=432fEA:
1-2-cos(43.2) -z 1 + 272

H(z) =

H(z) =
@) 1-2-r-cos(43.2) -z 1 +r2-z272
ez R 1:
1-2-cos(43.2)-1+1
H(1) = (43.2)

1-2-r-cos(43.2)-1+r?2-1
B 2(1 — cos(43.2))

1-2-r-cos(43.2) +r?
*IERL :

1-2-cos(43.2) -z 1 + 272 Y(z)
(1-2r-cos(43.2) -z 2 +r2-z2-2)-H() X(z)
=>H(1)-(1-2r-cos(43.2) -z  +r?-272) - Y(2)

=(1-2-cos(43.2) -z 1 +2z72) - X(2)
=>H(1) - (Y(z)-2r-cos(43.2) - Y(z) ' z71 +r? - Y(2) - z72)
= (X(2)-2-cos(43.2) - X(z) -z 1 + X(2) - z72)

H(z) =

o 7 HE¥A .
H(1) - (y[n]-2r-cos(43.2) -y[n — 1] + r? - y[n — 2])

= (x[n]-2 - cos(43.2) - x[n — 1] + x[n — 2])
* magnitude response [/} phase response :
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Digital filter frequency response, r = 0.995

F15

FLlo
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E
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( =) @8 HHE K 60-Hz [y comb filter

Fs =500 i H;/'///J | _\\'\-\

fa = 60- 180 = 43.2 T/ \\
250 / \

op = 20180 _ 196 { }
250 \\ ’ff

I /.
e ///

H(z) = (1-e%%-z71)(1-e79¢ - 271) - (1- &% - z71)(1-e79P - 271)
= (1- (% + e799) - 271 + 272)(1- (&% + e719) - 271 + 272)
=(1-2-cosfa-z" 1 +z7?)(1-2-cosOb-z"1 +z7?)

A=-2-cosBa,B=-2"cosBb H{ft

=(1+A-z'4+z22)A+B-z1+2z7?)
=1+B-z7'+z2+A-z'4+AB-z2+A-z234+7224+B-z3+27*
=1+(A+B)'z7'+(Q2+AB):z2+(A+B)-z3+z7*

A=-2-cosBa,B=-2-cosBb 70|

=1—2(cosfa + cosfb) - z71 + 2(1 + 2 - cosBa - cosfb) - z72 — 2
- (cosBa + cosBb) - z73 + z7*
* 0a=43.2,0b =129.6 fXA:
H(z) =1 — 2(cos(43.2) + c0s(129.6)) -z~ 1 + 2(1 + 2 - cos(43.2) - cos(129.6))
+ 272 — 2(cos(43.2) + c0s(129.6)) - z73 + z7*
ez 1:
H(1) =1 — 2(cos(43.2) + c0s(129.6)) - 1 + 2(1 + 2 - cos(43.2) - cos(129.6)) - 1
— 2(cos(43.2) + cos(129.6)) -1+ 1
=2—2-cos(43.2) —2-cos(129.6) + 2 + 4 - cos(43.2) - cos(129.6) — 2
- cos(43.2) — 2 - cos(129.6)
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=4 —4-cos(43.2) —4-co0s(129.6) + 4 - cos(43.2) - cos(129.6)
= 4(1 — cos(43.2) — c0s(129.6) + cos(43.2) - cos(129.6))
oIERUE :

1 — 2(cos(43.2) + c0s(129.6)) " z7 + 2(1 + 2 * cos(43.2) * cos(129.6)) - z72
—2(cos(43.2) + c0s(129.6)) *z73 +z7* _Y(2)

H(z) = H(D) ~X@)

—>H(1) - Y(2)

= (1 — 2(cos(43.2) + c0s(129.6)) -z~

+2(1 + 2 - cos(43.2) - cos(129.6)) - z~2

— 2(cos(43.2) + c0s(129.6)) - z73 + z7*) - X(2)
—>H(1) - Y(2)

= X(z) — 2(cos(43.2) + c0s(129.6)) - X(z) -z !

+2(1 + 2 - cos(43.2) - c0s(129.6)) - X(z) - z~2

— 2(cos(43.2) + c0s(129.6)) - X(z) - z73 + X(2) - z™*
o 7 BEA .
H(1) - y[n] = x[n] — 2(cos(43.2) + c0s(129.6)) - x[n — 1]

+ 2(1 4 2-cos(43.2) - c0s(129.6)) - x[n — 2]

— 2(cos(43.2) + c0s(129.6)) - x[n — 3] + x[n — 4]
* magnitude response DL} phase response :

Digital filter frequency response

Amplitude [dB]

0 10 20 3 4 S0 e 70 8 9 100 110 120 130 140 150 180 170 180 190 200 210 220 230 240 250
Frequency [radfsample]
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( V9 ) #&JE FSE By 60-Hz [ Shank’s
recursive (IIR) comb filter oy —~_
Fs =500

o =20 180 43, r'/ ‘
250 NED o
5 _ 180180 |

T 1296 wl
250

H(z)

(1- €9 - 7271)(1- 7108 . 771)(1- I - 1) (1- 190 - z71)
(1 _ r.ejea. Z_l)(l _ r.e—jea. Z_l)(l _ r.ejeb. Z_l)(l _ r.e—jeb. Z—1)
(1- (&% + e799) . 271 4+ 772)(1- (&9 + e790) - 271 4 272)
T (I-r- (6% ¢ e194) . 21 4 12 . 7-2)(1-1- ()90 + e-190) . z-1 § 2. 7-2)
(1-2-cosBa -zt +z272)(1-2-cosBb -z~ 1 +z72)

= (1-2+r-cosba-z"1+r?2-z72)(1-2-r-cosbb -z 1 +r?2-z72)
A=-2-cosBa,B=-2-cosbb, C=-2-r-cosBa, D

=-2-r-cosBb HU{L
1+A-z7'+z2H)A+B-z71+272%)

:(1+C'Z_1+I‘2'Z_Z)(1+D'Z_1+F2'Z_2)

1+B-z'+z224+A-2z7'+AB-z2+A-z3+22+B-z3+z7*
1+D-z71+r2-2724+C-z7'+CD-z724r2-C-z3+r2-2724r2-D-z273 +r*-27%
1+(A+B)-z'+(2+AB)-z72+(A+B)-z3+z7*
T1+(C+D)-z '+ (2r2+CD)-z2+r2(C+D) -z 3 +rt-z 4
A=-2-cosBa, B=-2-cosBb, C=-2-r.cosBa, D =-2-r-cosBb {{]d]

1 — 2(cosfa + cosfb) - z71 + 2(1 + 2 - cosfa - cosOb) - z~2
_ —2(cosfa + cosfb) -z73 +z74
"1 —2r(cosfa + cosfb) - z=1 + 2r2(1 + 2 - cosfa - cosOb) - z 2
—2r3(cosfa + cosbb) -z73 + r*-z74
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* 0a=43.2,0b=129.6 fLA:
H(z)
1 — 2(cos(43.2) + c0s(129.6)) - z71 + 2(1 + 2 - cos(43.2) - c0s(129.6)) - z~2
—2(cos(43.2) + cos(129.6)) - z73 + z~*

T 1- 2r(cos(43.2) + c0s(129.6)) - z=1 + 2r?(1 + 2 - cos(43.2) - c0s(129.6)) - z=2
—2r3(cos(43.2) + cos(129.6)) -z=3 +r*-z7*

oz 1:
H(1)

1 —2(cos(43.2) + cos(129.6)) -1 + 2(1 + 2 - cos(43.2) - cos(129.6)) - 1
_ —2(cos(43.2) + cos(129.6)) -1+ 1
"~ 1 —2r(cos(43.2) + c0s(129.6)) - 1 + 2r2(1 + 2 - cos(43.2) - c0s(129.6)) - 1
—2r3(cos(43.2) + cos(129.6)) -1 +r*-1

1 — 2(cos(43.2) + cos(129.6)) + 2(1 + 2 - cos(43.2) - cos(129.6))
_ —2(cos(43.2) + cos(129.6)) + 1
1 —2r(cos(43.2) + cos(129.6)) + 2r2(1 + 2 - cos(43.2) - cos(129.6))
—2r3(cos(43.2) + cos(129.6)) + r*

4 —4-cos(43.2) — 4 -cos(129.6) + 4 - cos(43.2) - cos(129.6)
T 1+ 2r2 Frt— 2r(1 4+ r?)(cos(43.2) + cos(129.6)) + 4r? - cos(43.2) - cos(129.6)
4(1 — cos(43.2) — cos(129.6) + cos(43.2) - cos(129.6))
T 1+ 2r2 Frt— 2r(1 4+ r?)(cos(43.2) + cos(129.6)) + 4r? - cos(43.2) - cos(129.6)
oIERUE :

1 —2(cos(43.2) + c0s(129.6)) - z71 + 2(1 + 2 - cos(43.2) - cos(129.6)) - z~2
—2(cos(43.2) + c0s(129.6)) - 273 + z™* 1 Y(z)
1 — 2r(cos(43.2) + c0s(129.6)) - z=1 + 2r2(1 + 2 - cos(43.2) - c0s(129.6)) - z=2 . H(1) - @
—2r3(cos(43.2) + cos(129.6)) -z 3 +r*-z7*

=>H(1) - (1 — 2r(cos(43.2) + c0s(129.6)) - z7* + 2r?(1 + 2 - cos(43.2) - cos(129.6)) - 22
— 2r3(cos(43.2) + c0s(129.6)) -z 3 +r*-z7*) - Y(2)
= (1 —2(cos(43.2) + c0s(129.6)) -z7* + 2(1 + 2 - cos(43.2) - c0s(129.6)) - z 2
— 2(cos(43.2) + c0s(129.6)) - z7> + z7*) - X(2)

=> H(1) - (Y(2) — 2r(cos(43.2) + c0s(129.6)) - Y(z) - z7* + 2r?(1 + 2 - cos(43.2) - cos(129.6))
“Y(z) - 272 — 2r3(cos(43.2) + c0s(129.6)) - Y(z) - 2% + r* - Y(z) - z7*)
= (X(z) — 2(cos(43.2) + c0s(129.6)) - X(z) -z !
+2(1+ 2+ cos(43.2) - cos(129.6)) - X(z) - z72 — 2(cos(43.2) + cos(129.6))
X(z) 273 +X(z) - z7*)

H(z) =

10 R ERER A et ePaper(2021 £F)
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o 7 HEHA .

y[n] — 2r(cos(43.2) + cos(129.6)) - y[n — 1] + 2r?(1 + 2 - cos(43.2) - cos(129.6)) - y[n — 2])

B ( —2r%(cos(43.2) + c0s(129.6)) - y[n — 3] + r* - y[n — 4]

= x[n] — 2(cos(43.2) + c0s(129.6)) - x[n — 1] + 2(1 + 2 - cos(43.2) - cos(129.6))
x[n—2] - 2(cos(43.2) + cos(129.6)) *x[n — 3] + x[n — 4]

* magnitude response DK phase response :

Digital filter frequency response

, Il | |

o5
-10.0 Loo
-125 ﬁ ﬁ

F-05

-15.0

Amplitude [dB]

Angle (radians)

-175 T T T T T T T T T T T T T T T T T T T T T T F-10
0 10 20 30 40 50 60 TO BIO 90 100 1].‘0 12‘0 ]_";0 140 150 160 170 180 190 200 210 220 230 240 250
Freguency [rad/sample]
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Il
i

import numpy as np

import matplotlib.pyplot as plt
import librosa

import librosa.display

import os

from scipy import signal

def cos(theta):
import numpy as np

return np.cos(theta / 180 * np.pi)

path = ["C:/Users/USER/Desktop/../60 Hz & ZEE/"]

sample rate = 500

for i in range(len(path)):
for filename in os.listdir(path[i]):
if filename[0] in ["A", "D"]:

print(filename)

# 3EHAL ECG &t - ILFEHAT 10 7D
data = get ECG_data(path[i], filename)

data = data[:10 * sample_rate]

R 1

12 R ERER A et ePaper(2021 £F)
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et

False)[0]

plot_fig(data, sample rate, 10, save fig = True, fig_save path = path[i] + "10 F#P{]Z|

filename = filename, additional name =" _JF[&E]")

# ( — ) 60-Hz notch filter
# SE TR
zeros_hz =[60]

# REHSERIAE - TR EIEEL zeros B poles FHif)

theta = plot_circle and_return_theta(sample_rate, zeros_hz, fig_size= 10, plot_fig =

# EE H(2)
def H(z):

return (1 - 2 * cos(theta) * z + (z ** 2))

# EIFIR(E% difference equation X B Y A{4#
x_coeff = np.array([1,
-2 * cos(theta),

1)
y_coeff = np.array([1])
y_coeff=y coeff * H(1)

#HET TR
filted_sigs = signal.lfilter(x_coeff, y_coeff, data)

# g L R I SR
plot_fig(filted_sigs, sample rate, 10,save fig = True, fig_save path = path[i] +"10

PO UIE R SR

filename = filename, additional name ="_60Hz notch")

#( — ) 60-Hz IIR notch filter
# EoE B ERAR L ¢
r=0.995
zeros_hz = [60]
poles_hz = [60]

VELHHAESRIN A > RN [EIEL zeros B poles i

13 K ERER AL 545 ePaper(2021 4F)
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theta = plot_circle and return theta(sample rate, zeros hz = zeros hz, fig_size= 10,

poles hz = poles hz,

r=r, plot fig = False)[0]

# EFE H(z)
def H(z):

return (1 - 2 * cos(theta) * z + (z ** 2)) / (1 - 2 * r * cos(theta) * z + (r ** 2) * (z

# WEIEHE% difference equation X Hi Y Ay{4E
x_coeff = np.array([1,
-2 * cos(theta),
1)
y_coeff = np.array([1,
-2 * 1 * cos(theta),
r**2])
y_coeff=y coeff * H(1)

#HET TR
filted_sigs = signal.lfilter(x_coeff, y_coeff, data)

# i e g R B
plot_fig(filted_sigs, sample_rate, 10,save_fig = True, fig_save_path = path[i] + "10

PP a5

fig_size= 10,

filename = filename, additional name =" 60Hz IIR notch")

#( = )60, 180-Hz comb filter
# SOETEEE R AR
zeros_hz = [60, 180]

# BRI AL - R EIEEL zeros B poles FHif!

theta 1, theta 2 =plot_circle_and return_theta(sample rate, zeros_hz = zeros_hz,

plot_fig = False)

# JEFE H(z)

def H(z):

return (1 - 2 * (cos(theta_1) + cos(theta 2)) *z+2 * (1 +2 * cos(theta_1) *

14 R ERER A et ePaper(2021 £F)




[T R s BT R g s T BB

cos(theta 2)) * (z ** 2) \
-2 * (cos(theta_1) + cos(theta 2)) * (z ** 3) + (z ** 4))

# SEIFIR(E% difference equation X Bl Y A{&E
x_coeff = np.array([1,
-2 * (cos(theta_1) + cos(theta 2)),
2 *(1+ 2 * cos(theta_1) * cos(theta 2)),
-2 * (cos(theta_1) + cos(theta 2)),
1)
y_coeff = np.array([1])
y_coeff=y coeff * H(1)

# TR

filted sigs = signal.lfilter(x_coeff, y_coeff, data)

# gy H R4S SR
plot_fig(filted sigs, sample rate, 10,save fig = True, fig_save path = path[i] +"10
OB ah S

filename = filename, additional name ="_60,180Hz_notch")

#( 9 )60, 180-Hz IIR comb filter
# EERREEIERARE ¢ H

r=0.995

zeros_hz =[60, 180]

poles_hz =[60, 180]

# B HERAYAE » A RIEEL zeros B poles i
theta 1, theta 2 =plot_circle and return_theta(sample rate, zeros_hz = zeros_hz,
fig_size= 10,
poles hz =poles hz,r=

1, plot_fig = False)

# EF H(z)
def H(z):
return (1 - 2 * (cos(theta_1) + cos(theta 2)) *z+2 * (1 + 2 * cos(theta 1) *
cos(theta 2)) * (z ** 2) -\
2 * (cos(theta_1) + cos(theta_2)) * (z ** 3) + (z ** 4)) /\
(1-2*r*(cos(theta 1)+ cos(theta 2)) *z+2* (r**2)*(1+2*

15 R ERER A et ePaper(2021 £F)



[T R s BT R g s T BB

cos(theta 1) * cos(theta 2)) * (z ** 2) -\
2 * (r ** 3) * (cos(theta_1) + cos(theta 2)) * (z ** 3) + (r ** 4) * (z ** 4))

# SEIFIR(E% difference equation X Bl Y A{&E
x_coeff = np.array([1,
-2 * (cos(theta_1) + cos(theta 2)),
2 *(1+ 2 *cos(theta_1) * cos(theta 2)),
-2 * (cos(theta_1) + cos(theta 2)),
1)

y_coeff = np.array([1,
-2 *r * (cos(theta_1) + cos(theta 2)),
2% (r**2) * (1 +2 *cos(theta_1) * cos(theta_2)),
-2 * (r ** 3) * (cos(theta_1) + cos(theta_2)),
(r**4)])
y coeff=y coeff * H(1)

# LTI
filted_sigs = signal.lfilter(x_coeff, y_coeff, data)

# LR P g4 SR
plot_fig(filted_sigs, sample_rate, 10,save_fig = True, fig_save_path = path[i] + "10
POV E s as SR

filename = filename, additional name =" 60,180Hz_IIR notch")
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