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:DQJ� /LQ DQG &KDQJ ������ SURSRVHG WZR WKUHVKROG

VLJQDWXUH VFKHPHUV� RQH LV ZLWK D PXWXDOO\ WUXVWHG FHQWHU

DQG WKH RWKHU LV QRW� WKDW SURYLGH WKH DELOLW\ WR WUDFH EDFN

ZKR WKH SDUWLFLSDQW VLJQHUV DUH LQYROYHG LQ WKH FRQVWUXF�

WLRQ RI WKH JURXS VLJQDWXUH IRU D JLYHQ PHVVDJH LI

QHFHVVDU\� /DWHO\� 7VHQJ DQG -DQ ������ GHPRQVWUDWHG WZR

RXWVLGHU IRUJHU\ DWWDFNV RQ WKH :DQJ�/LQ�&KDQJ VFKHPHV�

,Q WKLV SDSHU� ZH ZLOO GHPRQVWUDWH WZR LQVLGHU IRUJHU\

DWWDFNV RQ WKH :DQJ�/LQ�&KDQJ VFKHPHV� 7KDW LV� DQ\

PDOLFLRXV SDUWLFLSDQW VLJQHU FDQ VXFFHVVIXOO\ IRUJH D YDOLG

JURXS VLJQDWXUH IRU DQ DUELWUDULO\ FKRVHQ PHVVDJH E\

KLPVHOI�
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 ,Q D �W� Q� WKUHVKROG VLJQDWXUH VFKHPH� DQ\ W RXW RI Q

PHPEHUV RI D JURXS FDQ EH RQ EHKDOI RI WKH JURXS WR

JHQHUDWH D JURXS VLJQDWXUH IRU D JLYHQ PHVVDJH� VXFK WKDW

DQ\ YHULILHU FDQ YHULI\ WKH JURXS VLJQDWXUH ZLWK RQO\

NQRZLQJ WKH SXEOLF NH\ DVVRFLDWHG WR WKH JURXS� QRW QHFHV�

VDULO\ WR NQRZ WKH SXEOLF NH\V IRU DOO SDUWLFLSDQW VLJQHUV >��

�@� $ WKUHVKROG VLJQDWXUH VFKHPH SURYLGHV DQRQ\PLW\ IRU

WKH SDUWLFLSDQW VLJQHUV� VLQFH RQO\ WKH SXEOLF NH\ RI WKH

JURXS LV UHTXLUHG IRU VLJQDWXUH YHULILFDWLRQ� 7KLV PDNHV WKH

WKUHVKROG VLJQDWXUH VFKHPHV PRUH DSSODXVLYH WR JURXS�

RULHQWHG DSSOLFDWLRQV >�@�

 
 5HFHQWO\� :DQJ� /LQ DQG &KDQJ >�@ SURSRVHG WZR

WKUHVKROG VLJQDWXUH VFKHPHV EDVHG RQ WKH LQWUDFWDELOLW\ RI

WKH GLVFUHWH ORJDULWKP SUREOHP >�� �@� RQH LV ZLWK WKH

DVVLVWDQFH RI D PXWXDOO\ WUXVWHG DQG WKH RWKHU LV QRW� %RWK

WKH :DQJ�/LQ�&KDQJ VFKHPHV SURYLGH WKH DELOLW\ WR WUDFH

EDFN ZKR WKH SDUWLFLSDQW VLJQHUV DUH LQYROYHG LQ WKH

FRQVWUXFWLRQ RI D JURXS VLJQDWXUH IRU D JLYHQ PHVVDJH LI

QHFHVVDU\� /DWHO\� 7VHQJ DQG -DQ >�@ VKRZHG WKDW WKH

:DQJ�/LQ�&KDQJ VFKHPHV DUH YXOQHUDEOH WR WKH RXWVLGHU

IRUJHU\ DWWDFNV� 7KDW LV� DQ RXWVLGHU RI WKH VLJQLQJ JURXS

FRXOG XVH DQ\ SUHYLRXVO\ JHQHUDWHG JURXS VLJQDWXUH WR

IRUJH D YDOLG JURXS VLJQDWXUH IRU DQ DUELWUDULO\ FKRVHQ

PHVVDJH ZLWKRXW NQRZLQJ WKH JURXS PHPEHUV¶ SULYDWH

NH\V� ,Q WKLV SDSHU� ZH ZLOO VKRZ WKDW ERWK WKH :DQJ� /LQ�

&KDQJ VFKHPHV DUH DOVR YXOQHUDEOH WR WKH LQVLGHU IRUJHU\

DWWDFNV� 7KDW LV� DQ\ PDOLFLRXV SDUWLFLSDQW VLJQHU FDQ

VXFFHVVIXOO\ IRUJH D YDOLG JURXS VLJQDWXUH IRU DQ DUEL�

WUDULO\ FKRVHQ PHVVDJH E\ KLPVHOI�

 
 ,Q WKH VXEVHTXHQW VHFWLRQV� ZH ILUVW JLYH D EULHI UHYLHZ RI

WKH :DQJ�/LQ�&KDQJ VFKHPHV� DQG WKHQ GHPRQVWUDWH KRZ

WKH LQVLGHU IRUJHU\ DWWDFNV RQ WKH :DQJ�/LQ�&KDQJ

VFKHPHV FDQ ZRUN�

�� 5(9,(: 2):$1*�/,1�&+$1* 6&+(0(6

 
 7KHUH DUH WKUHH UROHV UHTXLUHG LQ WKH V\VWHP� D V\VWHP

DXWKRULW\ �6$�� D PXWXDOO\ WUXVWHG FHQWHU �07&�� DQG D

GHVLJQDWHG WUXVWHG FOHUN �&/.�� 7KH WDVN IRU 6$ LV WR

GHILQH QHFHVVDU\ SXEOLF SDUDPHWHUV IRU V\VWHP VHWXS� 7KH

WDVN IRU 07& LV WR JHQHUDWH D SULYDWH�SXEOLF NH\ SDLU IRU

HDFK PHPEHU RI WKH VLJQLQJ JURXS� &/. LV UHVSRQVLEOH IRU

WKH YHULILFDWLRQ RI LQGLYLGXDO VLJQDWXUH DQG WKH FRQVWUXF�

WLRQ RI D JURXS VLJQDWXUH IURP WKH YHULILHG LQGLYLGXDO

VLJQDWXUHV� ,Q WKH IROORZLQJ� WZR WKUHVKROG VLJQDWXUH

VFKHPHV SURSRVHG E\ :DQJ� /LQ DQG &KDQJ DUH GHVFULEHG�

7KH ILUVW WKUHVKROG VLJQDWXUH VFKHPH ZRUNV ZLWK WKH

DVVLVWDQFH RI D 07&� ZKHUHDV WKH VHFRQG WKUHVKROG VLJQD�

WXUH VFKHPH ZRUNV ZLWKRXW WKH DVVLVWDQFH RI D 07&�

 
��� 7KUHVKROG 6LJQDWXUH 6FKHPH ZLWK 07&

 
 )RU V\VWHP VHWXS� 6$ GHILQHV WKH IROORZLQJ SXEOLF

SDUDPHWHUV ^3� 3′ � 4� J� α � +`� ZKHUH 3 LV D ODUJH

SULPH� 3′ LV D ODUJH SULPH IDFWRU RI �−3 � 4 LV D ODUJH

SULPH IDFWRU RI �−′3 � J DQG α DUH WZR JHQHUDWRUV ZLWK

RUGHU 3′ DQG 4 RYHU *)�3� DQG *)� 3′ �� UHVSHFWLYHO\�
DQG + LV D RQH�ZD\ KDVK IXQFWLRQ� ,W LV DVVXPHG WKDW + LV

FROOLVLRQ�IUHH�
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DQ\ W RXW RI Q VLJQHUV FDQ EH RQ EHKDOI RI * WR JHQHUDWH D

JURXS VLJQDWXUH IRU D JLYHQ PHVVDJH� 'HQRWH LY DV WKH

LGHQWLW\ IRU LX � 8SRQ UHFHLYLQJ WKH UHJLVWUDWLRQ UHTXHVW

VXEPLWWHG E\ WKH PHPEHUV RI *� 07& ILUVW UDQGRPO\

JHQHUDWHV D � �−W ��GHJUHH SRO\QRPLDO ��YI  �D �
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 $IWHU WKDW� 07& VHQGV L[ WR LX �IRU QL ��������= �

VHFUHWO\ DQG SXEOLVKHV < DQG DOO L\ ¶V� 1RWH WKDW 07&

GRHV QRW QHHG WR NHHS WKH SULYDWH NH\ ; VHFUHWO\ DIWHU WKH

LQLWLDOL]DWLRQ VWDJH� EHFDXVH LW FDQ EH G\QDPLFDOO\

FRQVWUXFWHG E\ DQ\ W RXW RI Q SDUWLFLSDQW VLJQHUV LQ *

GXULQJ WKH JHQHUDWLRQ RI D JURXS VLJQDWXUH� $OVR QRWH WKDW

DQ\ SDUWLFLSDQW VLJQHU LQ * GRHV QRW KDYH DQ\ XVHIXO

NQRZOHGJH DERXW ; GXULQJ WKH JURXS VLJQDWXUH JHQHUDWLRQ

VWDJH�
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VLJQLQJ 0 RQ EHKDOI RI *� HDFK 7XL ∈ ILUVW UDQGRPO\
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VWUXFWLQJ D JURXS VLJQDWXUH RI 0� +HUH� ���� ��� LLL VUV LV

UHJDUGHG DV DQ LQGLYLGXDO VLJQDWXUH RI 0 VLJQHG E\ LX �

8SRQ UHFHLYLQJ ������ ���� LLLL VUVU0 VHQW IURP LX � &/.

ILUVW YHULILHV WKH LQGLYLGXDO VLJQDWXUH ���� ��� LLL VUV E\

WHVWLQJ LI
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:KHQ DOO LQGLYLGXDO VLJQDWXUHV VHQW IURP WKHVH W

SDUWLFLSDQW VLJQHUV DUH VXFFHVVIXOO\ YHULILHG� &/.

FRQVWUXFWV D JURXS VLJQDWXUH �5� 6� RI 0 IRU *� ZKHUH
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7KH SRO\QRPLDO ��\K LV XVHG IRU WKH SXUSRVH RI WUDFLQJ

EDFN ZKR WKH SDUWLFLSDQW VLJQHUV DUH LQYROYHG LQ WKH FRQ�

VWUXFWLRQ RI D JURXS VLJQDWXUH RQ EHKDOI RI *�

$Q\ YHULILHU ZLWK RQO\ NQRZLQJ WKH JURXS SXEOLF NH\ <
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,I QHFHVVDU\� WKH YHULILHU FDQ IXUWKHU ILQG RXW ZKR WKH

SDUWLFLSDQW VLJQHUV DUH LQYROYHG LQ WKH FRQVWUXFWLRQ RI WKH

JURXS VLJQDWXUH �5� 6� E\ WHVWLQJ LI LL Y\K =�� �IRU

QL ��������= �� ,W WKH HTXDOLW\ KROGV� WKHQ WKH PHPEHU LX

ZLWK WKH SXEOLF NH\ L\ LV RQH RI WKH SDUWLFLSDQW VLJQHUV�

��� 7KUHVKROG VLJQDWXUH VFKHPH ZLWKRXW 07&

7KLV VFKHPH XVH WKH VDPH V\VWHP SDUDPHWHUV GHILQHG LQ

WKH SUHYLRXV VXEVHFWLRQ� $IWHU WKH V\VWHP SDUDPHWHUV DUH

GHILQHG� HDFK PHPEHU RI * QRW RQO\ JHQHUDWHV D

SULYDWH�SXEOLF NH\ SDLU IRU KLPVHOI EXW DOVR IRU HYHU\ RWKHU

PHPEHU LQ WKH VDPH JURXS� 7R DFW DV DQ 07&� HDFK
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VWUXFWLQJ D JURXS VLJQDWXUH RI 0� $JDLQ� ���� ��� LLL VUV LV

UHJDUGHG DV DQ LQGLYLGXDO VLJQDWXUH RI 0 VLJQHG E\ LX �

DQG FDQ EH YHULILHG WKURXJK WKH HTXDOLW\ WHVW RI (TXDWLRQ ��

$V GRQH LQ WKH VFKHPH ZLWK 07&� &/. FRQVWUXFWV D JURXS

VLJQDWXUH ��� 65 RI 0 IRU * IURP DOO YHULILHG LQGLYLGXDO

VLJQDWXUHV ���� ��� LLL VUV ¶V� DQG ���� 650 FDQ EH YHULILHG

WKURXJK WKH HTXDOLW\ WHVW RI (TXDWLRQ �� 0HDQZKLOH� &/.

DOVR SXEOLVKHV � �−W ��GHJUHH SRO\QRPLDOV
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7KH SRO\QRPLDOV ��\K M ¶V DUH XVHG IRU WKH SXUSRVH RI

WUDFLQJ EDFN ZKR WKH SDUWLFLSDQW VLJQHUV DUH LQYROYHG LQ

WKH FRQVWUXFWLRQ RI D JURXS VLJQDWXUH RQ EHKDOI RI *�

$V WR ILQG RXW ZKR DUH WKH SDUWLFLSDQW VLJQHUV LQYROYHG LQ



WKH FRQVWUXFWLRQ RI WKH JURXS VLJQDWXUH ��� 65 � DQ\

YHULILHU FDQ WHVW LI LMLM Y\K =�� �IRU QL ��������= �� ,W WKH

HTXDOLW\ KROGV� WKHQ WKH PHPEHU LX ZLWK WKH SXEOLF NH\

ML\ LV RQH RI WKH SDUWLFLSDQW VLJQHUV�
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SDUWLFLSDQW VLJQHUV RQ EHKDOI RI * WR VLJQ D PHVVDJH 0�

&RQVLGHU WKH FDVH WKDW D PDOLFLRXV SDUWLFLSDQW VLJQHU ZX

LQ 7 ZDQWV WR IRUJH D YDOLG JURXS VLJQDWXUH IRU D FKRVHQ

PHVVDJH 0 ′ �QRW DJUHHG WR DOO SDUWLFLSDQW VLJQHUV LQ 7�

GXULQJ WKH FRQVWUXFWLRQ RI D JURXS VLJQDWXUH ��� 65 IRU 0

�DJUHHG WR DOO SDUWLFLSDQW VLJQHUV LQ DGYDQFH�� ,Q WKH

IROORZLQJ� ZH ZLOO GHPRQVWUDWH WZR VFHQDULRV WR VKRZ KRZ

FDQ ZX VXFFHVVIXOO\ SORW VXFK DWWDFN RQ WKH :DQJ�/LQ�

&KDQJ VFKHPHV� UHVSHFWLYHO\�

$Q LQVLGHU IRUJHU\ DWWDFN RQ WKH :DQJ�/LQ�&KDQJ

VFKHPH ZLWK 07& ± 'XULQJ WKH FRQVWUXFWLRQ RI DQ

LQGLYLGXDO VLJQDWXUH� ZX ILUVW UDQGRPO\ VHOHFWV WZR

LQWHJHUV
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$IWHU WKDW� ZX VHQGV ������ ���� ZZZZ VUVU0 WR &/.�

1RWH WKDW &/. ZLOO DFFHSW ���� ��� ZZZ VUV DV D YDOLG

LQGLYLGXDO VLJQDWXUH RI 0 VLJQHG E\ ZX � EHFDXVH LW ZLOO

SDVV WKH HTXDOLW\ WHVW WKURXJK (TXDWLRQ �� DQG WKHUHE\ KH

ZLOO FRPELQH WKH IRUJHG LQGLYLGXDO VLJQDWXUH

���� ��� ZZZ VUV ZLWK RWKHU �−W YDOLG LQGLYLGXDO VLJQD�

WXUHV LQWR WKH FRQVWUXFWLRQ D JURXS VLJQDWXUH ��� 65 IRU

0 ′ � QRW WKH RULJLQDO 0� )RU D ODWHU WLPH� ZX FRXOG

SUHVHQW ���� 650 ′ WR D YHULILHU DQG FODLP WKDW ��� 65 LV D

YDOLG JURXS VLJQDWXUH IRU 0 ′ ZLWK UHVSHFW WR *� ,Q WKLV

WLPH� ���� 650 ′ ZLOO SDVV WKH HTXDOLW\ WHVW WKURXJK

(TXDWLRQ �� 7KHUHIRUH� WKH YHULILHU ZLOO FRQYLQFH WKDW 0 ′
LV LQGHHG VLJQHG E\ WKH SDUWLFLSDQW VLJQHUV LQ 7 RQ EHKDOI

RI *� WKURXJK WUDFLQJ EDFN WKH SDUWLFLSDQW VLJQHUV IURP WKH

SXEOLF SRO\QRPLDO ��\K �

$Q LQVLGHU IRUJHU\ DWWDFN RQ WKH :DQJ�/LQ�&KDQJ

VFKHPH ZLWKRXW 07& ± 6FHQDULR RI WKLV DWWDFN LV

VRPHZKDW OLNH WKDW DJDLQVW WKH VFKHPH ZLWK 07&� H[FHSW

WKDW ZX FRPSXWHV
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7KH UHDGHU LV HQFRXUDJHG WR YHULI\ WKDW WKH LQGLYLGXDO

VLJQDWXUH ���� ��� ZZZ VUV IRU 0 FDQ SDVV WKH HTXDOLW\ WHVW

WKURXJK (TXDWLRQ �� &RQVHTXHQWO\� &/. ZLOO FRQVWUXFW D

JURXS VLJQDWXUH ��� 65 IRU 0 E\ FRPELQLQJ WKH IRUJHG

LQGLYLGXDO VLJQDWXUH ���� ��� ZZZ VUV ZLWK DOO YHULILHG

LQGLYLGXDO VLJQDWXUHV JHQHUDWHG E\ WKH RWKHU SDUWLFLSDQW

VLJQHUV LQ 7� $JDLQ� ZX FRXOG SUHVHQW ���� 650 ′ WR D

YHULILHU IRU D ODWHU WLPH DQG LW ZLOO SDVV WKH HTXDOLW\ WHVW

WKURXJK (TXDWLRQ ��
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:H KDYH GHPRQVWUDWHG WZR VFHQDULRV RI LQVLGHU IRUJHU\

DWWDFNV RQ ERWK WKH :DQJ�/LQ�&KDQJ VFKHPHV�

UHVSHFWLYHO\� )URP WKH DQDO\VLV PHQWLRQHG DERYH� WKH

VHFXULW\ IODZV LQ ERWK WKH :DQJ�/LQ�&KDQJ VFKHPHV DUH

FDXVHG E\ WKH IDFWV� )LUVW� ��� �� LL VU LV LQGHSHQGHQW RQ WKH

VLJQLQJ PHVVDJH 0� DQG VHFRQG� ��� �� LL VU FDQ RQO\ EH

XVHG WR YHULI\ �LV � QRW ��� �� LL VU � 7KHVH WZR IDFWV LPSO\

WKDW HDFK LQGLYLGXDO VLJQDWXUH ���� ��� LLL VUV DQG

���� 650 DUH LQGHSHQGHQW� ,PSURYHPHQWV RI WKH :DQJ�

/LQ�&KDQJ VFKHPHV WKDW FDQ HOLPLQDWH WKHVH VHFXULW\ IODZV

DUH RXU IXWXUH ZRUNV XQGHU VWXG\�
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>�@ 7� (O*DPDO� $ SXEOLF�NH\ FU\SWRV\VWHP DQG D

VLJQDWXUH VFKHPH EDVHG RQ GLVFUHWH ORJDULWKPV�

,((( 7UDQVDFWLRQV RQ ,QIRUPDWLRQ 7KHRU\� 9RO� ,7�
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